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Abstract 

The regular independence number, introduced by Albertson and Boutin in 1990, 
is the maximum cardinality of an independent set of G in which all vertices have 
equal degree in G. Recently, Caro, Hansberg and Pepper introduced the concept of 
regular fc-independence number, which is a natural generalization of the regular inde¬ 
pendence number. A k-independent set is a set of vertices whose induced subgraph 
has maximum degree at most k. The regular k-independence number of G, denoted 
by ak-regiG), is defined as the maximum cardinality of a fc-independent set of G in 
which all vertices have equal degree in G. In this paper, the exact values of the regular 
fc-independence numbers of some special graphs are obtained. We also get some lower 
and upper bounds for the regular fc-independence number of trees with given diame¬ 
ter, and the lower bounds for the regular fc-independence number of line graphs. Eor 
a simple graph G of order n, we show that 1 < ak-reg{G) < n and characterize the 
extremal graphs. The Nordhaus-Gaddum-type results for the regular fc-independence 
number of graphs are also obtained. 


‘Research supported by the National Science Foundation of China (Nos. 61164005, 11161037, 11101232, 
61460005 and 11461054), the National Basic Research Program of China (No. 2010CB334708) and the 
Program for Changjiang Scholars and Innovative Research Team in Universities (No. IRT1068), the 
Research Fund for the Chunhui Program of Ministry of Education of China (No. Z2014022) and the 
Nature Science Foundation from Qinghai Province (Nos. 2012-Z-943, 2014-ZJ-721 and 2014-ZJ-907). 


1 



Keywords: Regular independence number; fe-independent set; regular fc-independence 
number; line graph; Nordhaus-Gaddum-type result. 


AMS subject classification 2010: 05C05; 05C07; 05C35. 


1 Introduction 

Graphs considered in this paper are undirected, finite and simple. We refer to [3] 
for undefined notations and terminology. In particular, we use L{G), G, A(G) and d{G) 
to denote the line graph, the complementary graph, the maximum degree and minimum 
degree of a graph G, respectively. If X C V{G) or X C E{G), then G\X] is the subgraph 
of G induced by X. For integers i,j > 0, let Di{G) denote the set of degree i vertices 
of G, and D>i{G) = Dj{G). A subset X C V{G) is regular if for some i with 
(5(G) < i < A(G), X C Di{G); and is independent if A(G[X]) = 0. An independent set 
X of G is a regular independent set if X is also regular. 

The regular independence number, denoted OregiG) and introduced by Albertson and 
Boutin [T] in 1990, is defined to be the maximum cardinality of an independent set of G 
in which all vertices have equal degree in G. The parameter areg{G) is closely related to 
fair domination number fd{G) introduced in [6]. A fair dominating set is a set S Q I^(G) 
such that all vertices u € R(G) \ S have exactly the same non-zero number of neighbors in 
S. The fair domination number fd{G) is the cardinality of a minimum fair dominating set 
of G. By definition, if (5(G) > 1 and ii is a maximum regular independent set of G, then 
V{G)\R is a fair dominating set of G. A vertex subset S CV (G) of G is k-independent set 
if A(G[S']) < k. The k-independence number, denoted ak{G), as the maximum cardinality 
of a ^-independent set. There have been quite a few studies on /c-independent sets, as seen 
in mu [To] , among others. For A:-independent set and A:-independent number, Chellali, 
Favaron, Hansberg, and Volkmann published a survey paper on this subject; see [3]. 

Recently, Caro, Hansberg and Pepper [7] introduced the concept of regular ^-independence 
number, which naturally generalizes both the regular independence number and the k- 
independence number. The regular k-independence number of a graph G, denoted ak-reg{G), 
is dehned to be the maximum cardinality of a regular /c-independent set of G. More 
precisely, for nonnegative integers k and j, we define akj{G) = max{|X| : X is a fc- 
independent set of G and X C Dj{G)}. It follows by definition that, 

ak-reg{G) = max{afcj(G),(5(G) <j< A(G)}. (1.1) 

When k = 0, ao-reg(G) = areg{G) and for regular graphs, areg{G) = a{G) and ak-reg{G) = 
afc(G). 

For each integer i > 0, define ni{G) = \Di[G)\. We often write n* for ni{G) when the 
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graph G is understood from the context. The repetition number of G, denoted rep{G), 
was introduced in [8] and defined as the maximum number of vertices with equal degree 
in G. Thus 

repiG) = max{|A(G)| : 5(G) < i < A(G)}. (1.2) 

The notation of Xk{G) is the k-chromatie number of G, defined as the minimum number 
of colors needed to color the vertices of the graphs G such that the graphs induced by 
the vertices of each color class have maximum degree at most k. Note that Xo(G) is the 
classic chromatic number x(G). 

In [7], Caro, Hansberg and Pepper investigated the regular fc-independence number of 
trees and forests, and they generalized and extended the results of Albertson and Boutin 
[I] in to ak-reg(G). They presented a lower bound on ak-reg(G) for fc-trees and gave 
analogous results for fc-degenerate graphs and some specific results about planar graphs, 
and then gave lower bounds on a 2 -reg(G) for planar and outerplanar graphs. The authors 
also analyzed complexity issues of regular fc-independence. 

This paper is organized as follows. In Section 2, the exact values of the regular k- 
independence numbers of complete graphs, complete multipartite graphs, paths, cycles 
and stars are determined. Sharp bounds for the regular fc-independence number of trees 
with given diameter are obtained in Section 3. In Section 4, we obtain the lower bounds 
for the regular /c-independence number of general m-vertex line graphs. For some families 
of sparse graphs such as trees, maximal outerplanar graphs and triangulations, we present 
lower bounds for the regular fc-independence number of their line graphs, which improve 
several former results. For a simple graph G of order n, we show that I < ak-reg(G) < n, 
and characterize all extremal graphs in Section 5. 

Let Q(n) denote the class of simple graphs of order n (n > 2). For G G Q{n), G 
denotes the complement of G. Give a graph parameter /(G) and a positive integer n, the 
Nordhaus-Gaddum(N-G) Problem is to determine sharp bounds for both /(G) + /(G) 
and /(G) • /(G), as G ranges over the class G{n), and characterize the extremal graphs. 
The Nordhaus-Gaddum type relations have received wide attention, as seen in the survey 
paper [2] by Aouchiche and Hansen. The Nordhaus-Gaddum-type problem on the regular 
L-independence number of graphs is studied in Section 6. 


2 Results for some special graphs 

In this section, we will determine the regular ^-independence numbers in several special 
families of graphs. Throughout this section, n > 0 denotes an integer. 
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Proposition 2.1 Let he a complete graph of order n. Then 


Oik—region) 


i + 1, if k = i {0 < i < n — 1); 
n, if k > n. 


Proof. Let Kn be a complete graph with n vertices. Since Kn is a regular graph, it 
follows that ak-reg{Kn) = Ok{Kn). By the definition of ak{Kn)^ \i k = i for some i with 
0 < i < n — 1, then every i + 1 subset of vertices is a maximum regular ^-independent set 
of Kn] if A; > re, then V(Kn) is a maximum regular ^-independent set of Kn- This proves 
the proposition. I 


Proposition 2.2 Let Kr^^r 2 ,---,r„ be a complete n-partite graph. 

(1) If ri = r 2 = ■ ■ ■ = rn = a, then 

{ ia, if (i — l)a < k < ia (1 < i < re); 
rea, if k > na. 

(2) //ri < r 2 < • • • < rn, then ak-reg{Kr^^r 2 ,-= rn for k>0. 

(3) If ri <■■■< n = Tj+i = ■■■ = rj < rj+i < ■ ■ ■ < rn {i < j), then 

{ max{7rerj, r„}, if (m — l)rj < k < mri {1 < m < {j — i)); 

max{(j - i)ri, r„}, if k > {j - i)ri. 

Proof. Let G = Kr^,r 2 ,-,rn with partite sets Vi, V 2 , • • • ,Vn such that \Vj\ = rt, 1 < t < n. 

(1) Assume that n = r 2 = • • • = = a. Then ,r-„ is a regular graph, and so 

ak-reg{Kr^^r2,- ,rn) = (ATri ,r 2 ,-,r„) • For each z E ,re} with {i - l)a < k < ia, 

any union of i of the partite sets is a maximum regular fc-independent set; and for k > na, 
V{G) is the only maximum regular ^-independent set. This justifies (1). 

(2) Assume that ri < r 2 < • • • < By the dehnition of regular independent sets and 
since the rfs are mutually distinct, a vertex subset A of G is a regular independent set if 
and only if A C V) for some t with 1 < t < re. It follows that Vn is the only maximum 
regular ^-independent set of G. Thus ak-reg{Krx,r 2 ,- ,rn) = rn for k>0. 

(3) Assume that for some integers 1 < i < j < re, ri < • • • < r* = rj+i = ■ ■ ■ = rj < 
rjj^i < • • • < rn- For a fixed integer k, let A be a maximum regular fe-independent set 
of G. By assumption of (3) and by the dehnition of regular independent sets, we note 
that either ACT) for some t with l<t<reorA C V). If for an integer m with 
1 < m < (j — i), we have (m — l)rj < k < mri, then either A C V) with | A| = mri 
or A = Vn, whence |A| = maxjmrj, r„}. If /c > [j — i)ri, then either A = |Jz=i F) or 
A = Vn, whence |A| = max{(j — i)ri, r^}. This verihes (3). I 
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Proposition 2.3 Let 

m > 2 be an integer, i G {0,1,2}, Pn 

re = 3(m — 2) -|- 2 -|- i. 

Each of the following holds. 


(1) If m > 3, then 







if k = 0 


^k—reg{,Pn) — ^ 

n — 

if k = 1 



n — 2 , 

if k >2 


(2) If m = 2, then 


and 


1 , if k = 0 ; 

ak-reg{P2) ={ 

2 , if k > 1 . 

O^k—regi.P'i) ~ Oik—regiPA) — 2 


for k > 0. 


Proof As the proof for ( 2 ) is straightforward, we only need to show the validity of (1). 
Assume that m > 3. Then re > 5, and D 2 {Pn) = re — 2. If A; = 0, then D 2 {Pn) contains 
an independent subset Wq with |lTo| = Likewise, if /c = 1, then D 2 {Pn) contains 

a 1 -independent set Wi consisting i isolated vertices and the vertex set of a matching 
with edges. It is routine to show that Wi is a maximum 1-independent set, and so 

(y-i-reg{Pn) = + i = 2{m — 2) + i = 2m — 4 + i = n — m. IfA:>2, then D 2 {Pn is 

a maximum regular /c-independent set, and so otk-regiPn) = n — 2. 


Proposition 2.4 Let Cn he a cycle of order re. Then 

LfJ, ifk = 0; 

2a, if k = 1 and n = 3a or n = 3a + T, 

2a -|- 1, if k = 1 and n = 3a + 2] 

n, if k > 2. 

Proof. Denote Cn = viV 2 ■ ■ ■ VnVi. As Cn is regular, any /^-independent set of Cn is also 
a regular /:-independent set. If /c = 0, then {re 2 i-i-i :0<i<^ — l}isa maximum regular 
independent set of Cn- Hence ao-reg(C'n) = Lf J- If /s = 1, then V{Cn) — {res* : 1 < i < |} 

(if re = 0 (mod 3)) or V{Cn) — ({^ 3 * : 1 < / < J} U {un}) (if re = 1 or re = 2 (mod 3)) 

is a maximum regular /c-independent set of C^. If /c > 2, V{Cn) is a maximum regular 
/c-independent set. This justifies the proposition. I 

Proposition 2.5 Let Si^n-i be a star of order re. Then afc-reg('S'i,n-i) = re — 1 for k > 0. 


(^k—reg{Cn) — < 
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Proof. Since has n vertices, there are n —1 vertices of degree 1 in When k > 

0, the subgraph induced by all the vertices of degree 1 in is a regular /c-independent 

set. By the definition of the regular ^-independence number, C(k-reg{Si^n-i) = n — 1. I 


3 Results for trees with given diameter 

Caro, Hansberg and Pepper [ 7 ] generalized and extended the result that areg{T) > 
for any tree T, obtained by Albertson and Boutin in [T]. They showed that for every tree 
T on n > 2 vertices, ak-reg{T) > for /c = 1 and ak-reg{T) > for k > 2. In 

this section, we improve the bound of ak-regiT) for A: > 2 by considering the diameter of 
a tree. Throughout this section, let n > 8, t > 0 and A: > 2 be integers, and denote 
the family of trees with order n and diameter n — t. For notational convenience, when it 
is clear form the context, we also use Tn^t to denote a member in this family. Thus is 
a path with n vertices and Tn^n -2 is a star with n vertices. As the regular A:-independence 
number of paths and stars are determined in the section above, we always assume that 
2<i<n — Sin this section. If G = Tn^t, then for each i > 1, let Uj = \Di{G)\ and 

= |ZI> 3 (G)|. In a graph H, an elementary subdivision of an edge uv is the operation 
of replacing uv with a path uwv through a new vertex w. A subdivision of H is the graph 
obtained by a hnite sequence of elementary subdivisions on H. As usual, a leaf of a tree 
is a vertex of degree 1 in the tree. The main purpose of this section is to investigate the 
regular independence number for trees with given diameters. We start with lemmas and 
examples. 


Lemma 3.1 Let T be a tree on n>2 vertices. Each of the following holds. 

(i) \Dr{T)\ = E,eDMG)idT{v) - 2) + 2. 

(a) IfT = Tn,t, then = \D> 3 {Tn,t)\ = n - ni - n 2 . and ni> N3 + 2. 

Proof. We outline our proofs. Lemma ISTl il holds if |F(T)| = 2, and so it can be justihed 
by induction on |I/(T)|, by considering T — v for some v G Di{T) in the inductive step. 
Lemma l3.1I iil follows from the definitions. I 


Example 3.2 Let ii > £2 - ■ -ir > 1 and r > 3 be integers, and let Ki^r denote the tree 
with a vertex uq of degree r and Di{Ki^r) = {viiV2i ■ ■ ■ ■, Vr}- 

(i) Define ' !^r) to be the graph obtained from Ki^r by replacing each edge 

VQVi by a {vo,Vi)-path of order for each i with 1 <i < r. When £3 = £r-i, we also use 
Ki^r{£i,£2,£3~^,£r) for Ki^r{£i,£2, ■ ■ ■ ,£r)- Let T = Ki^r{£i, £2, £3~^, £r)■ It is elementary 
to compute that T = Tn^t with n = 1 + '^i=i{£i — 1) and n — t = £i+£2 — 2. If k >2, then 


G-k—reg (T) 


r if r > 

n — r — 1 if r < 
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(a) Let T be a tree with |D> 3 (T)| > 2. Assume that z,z' G D> 3 [T) and Ti,T 2 be the two 
subtrees of T such that T = Ti UT 2 , V{Ti) n V(T 2 ) = {z'}, z G V{Ti) and z' G D 2 {Ti). 
View T 2 is a copy of T 2 but vertex disjoint from V{Ti). Obtain a new tree T' from the 
vertex disjoint union ofTi and T 2 by identifying z G V(Ti) and z' G ^(Tg). We use 
to denote this operation and write T' = Op^ziT), and use Oz'<^z to denote the reverse 
operation. Hence T = Oz'4^z{T')- By definition and by Lemma [Ql |1^(T')| = \V{T')\, 
|-Di(r)| = \Di{T')\ and \D> 3 {T) \ — 1 = \D> 3 {T')\. For a fixed z, define relation T T' if 
and only if for some z', T' = Oz'^z{T). Then ~ is an equivalence relation on the set of 
all trees with the same number of vertices and same number of leaves. 

(in) Let T be a given tree T with \D> 3 {T)\ > 1, and let z G D> 3 {T) be a fixed vertex. 
Define iF{T,z) to be equivalence class containing T under the relation ~ defined in (ii) 
above. By definition, T G iF{T,z). 

(iv) Suppose that n and t are integers with 2 < t < n — 3. Let h = . Since t > 2, we 

can write n — 1 = qh + r for some integers q >2 and 1 < r < h. Define 

_ f Ki^q+i{h + l,h + l,{h + l)i~^,r + l) if n - t = 0 (mod 2) 

’ I Ki^q^i{h + 2,h + 1, {h + ,r + 1) ifn — t=l (mod 2) ’ 

and let zq be the only vertex in T{n,t) with degree q + 1. By Example \3fE(iii), for each 
T G F{T{n,t),zo), \Di{T)\ = q + 1. By definition, the diameter ofT{n,t) isn — t. Direct 
computation yields that \Di{T{n,t))\ = q + \ and \D 2 {T{n,t))\ = n — q — 2. 


For integers n > t >2 with t < n — 3, define 

f{n,t) = 


n — t 
- 1 ) ' 
n — t — 1 


+ 2 ifn — t = 0 (mod 2) 

+ 2 ifn — t = l (mod 2) 


(3.3) 


Lemma 3.3 Suppose that T = Tn,t with 2 < t < n — 3. Let P = viV 2 , ■ ■ ■ ,Vn-t+i be a 
longest path in T{n,t) (as defined in Examvle \3.2V iv) ). h = ond zq = Vh zq = 

Express re — 1 = qh + r for some integers q > 2 and 1 < r < h. Then each of the following 
holds. 

(i) rei = |L>i(r)| > /(re,t). 

(ii) Equality in (i) holds if and only if both q + 1 = f{n,t) and T G F{T{n,t), zq ). 


Proof. 

Since T is connected and since > 0, there must be a jo with Vjq G V{P) n D> 3 {G). 
Without lose of generality, we assume that l<jo<re — t + 1 such that | — jo| is 

minimized. By symmetry, we may assume that 1 < jo < = h + 1 We shall argue 

by induction on N^. Since t < n — 3, we have > 0. 

Suppose that = 1. Then for any w G Di{T) — {vi,Vn-t+i}-, there exists a unique 
(to, Ujo)-path Pw in T such that V{Pw) n V{P) = {vj^}. 
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Assume first that n — t = 0 (mod 2), and so n — t = 2h. Since the diameter of T is 

n — t, and since jo < h + 1 for any w G Di{T) — {ui, Vn-t+i}-, \E{Pw)\ < Jo — 1 < It 

follows that 

n-1 = \ViT)-{v,,}\ = \ViP)-{v,,}\+ \V{P^-v,,)\{3A) 

weDi{T)-{vi,v„-t+i} 

< \V{P)\ - 1 + (ni - 2){jo - 1) < n - t + (ni - 2)h, 

and so ni > f{n,t). Assume that we have rii = f{n,t). Then, if h divides t — 1, 

then every inequality in (13.4p must be an equality; and if h does not divide t — 1, then 
for some integer r' with 0<r'</i, n— l=n — t + (ni — 2)h — r'. It follows that 
jo = h+1 = \V{Pii,)\, for all but at most one w G Di(T) — {vi, Vn-t+i} ■ Since re —1 = qh+r 
with 1 < r < h, we have rei = <7 + 1. As No = 1, T must be a subdivision of and so 

r = + + + ^,r + 1) = P{n,t). 

The proof for the case when n — t = 1 (mod 2) is similar, using n — t = 2h + 1 and 
(rei — 2)h + n — t>n — 1 instead, and so it is omitted. 

We now assume that No > 1, and that Lemma 13.31 holds for smaller values of No- 
Since No > 2, there exists a w € D>o{T) — I"®I By Example 13.21 

|Di(r')| = |Ui(r)| = rei. As jo is so chosen that | — jo| is minimized, the diameter 

of T’ is also n — t. However, D>o{T') = D> 3 {T) — {re}. By induction, 

ni = \Di{T)\ = \Di{T')\>f{n,t). 

If equality holds, then by induction, T' G P{T{n, t),Vj^), where jo = h + 1. This complete 
the proof of the lemma. I 

Lemma 3.4 Suppose that k > 2 and T = with 2 < t < n — 3. Then ak-reg{T) = 
max{|Ui(r)l,|U2(r)|}. 

Proof. Since k > 2, both D\{T) and D 2 {T) are regular 2-independent sets of T. There¬ 
fore, ak-reg{T) > max{|Ui(T)|, |U2(?")I}• If Ai is a maximum k-independent set of T, 
then for some i, X P Di{T), and so ak-reg{T) = |Ai| < \Di{T)\ < max{|Ui(T)| : i > 
1}. By Lemma [3.H ii). |iJi(r)| > A3-|-2 > A's = Ylj>o\^j('^)\- This implies that 
max{|Ai(r)|, \D 2 {T)\} < a^-regiT) < max{| A(r)| : z > 1} < max{|Ai(r)|, |I?2(T)|}. I 

Theorem 3.5 Let k >2 be an integer and Tn^t be a tree with order re > 8 and diameter 
n — t with 2 < t < n — 3. 

(i) If 2 < t < , then 

n - 2t < ak-reg{Tn,t) < n - A. (3.5) 

(ii) If ^ < t < n — 5 (re > 8), then 

Ti 2 

< ak-reg{Tn,t) < max {n - f{n,t) - l,t + 1} . (3.6) 
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(in) If t = n — A, then 


— ^k—reg(f^n,t) ^ t “h 1- 


(3.7) 


(iv) If t = n — 3, then 



^k—reg{'^n,t) t + 1. 


(3.8) 


Proof. Since k > 2, both Di{Tn^t) and D 2 {Tn^t) are regular /c-independent set. By the 
definition of ni <t + l. By Lemma 13.31 and by > 1, 

n 2 <n- f{n,t) - 1 , 

where equality holds if and only if = 1 and ni = f{n,t). By Lemma 13.41 

ak-reg{Tn,t) = max{ni,n2} < max{n - f{n,t) -l,t + 1}. (3.9) 

(i) Suppose 2 < t < Since n 2 = n — ni — and ni > A^s + 2, it follows that 

n 2 > n — 2ni + 2. Since diam{Tn^t) = n — t, we have ni < t + 1. If t < then 

712 > ni- Thus D 2 {G) is a maximum regular A:-independent set and so ak-reg{Tn,t) = n' 2 - 
By definition, contains a path P = viV 2 ■ ■ ■ Vn-t+i- As the remaining t — 1 vertices 
in V{Tn,t) — y{P) are adjacent to at most t — 1 vertices in D 2 {P), it follows that n 2 > 
\V{P)\ - 2 - {t - 1) = n - 2t. 

Since 2 <t < we have t — 1 < . As Tn,t is a tree, the remaining t — 1 vertices 

in V{Tn^t) — P{P) are adjacent to at least one vertex in D 2 {P) H D>^{G) and contains at 
least one vertex in Di{G) — V {P), it follows that n 2 < n — — ni < n — 4. We conclude 

that n — 2t < ak-reg{Tn) <77 — 4. 

(ii) Suppose ^ < t < n — 5. We first assume ni > Since Di{Tn^t) is a ^-independent 

set, it follows that ak-reg{Tn,t) > ni > Next, we assume tii < and so it follows 
that 772 > 77 — 2771 + 2, 77i > + 2 and n 2 = n — ni — N^. As D 2 {G) is a /^-independent 

set, it follows that ak-reg{Tn,t) > 772 > 77 — 277i -|- 2 > 77 — + 2 = ■ The upper 

bound follows from (13.9p . 

(hi) Suppose that t = 77 — 4. Then diam{Tn^t) = n — t = A and h = 2. By (|3.3p . 
f{n,t) = . Since vertices in D 2 {T) cannot be the end vertices of P and of P^, for 

each w G Di{T) — {ui,Un_i+i}, and cannot be in N 3 , it follows that 

n2 < \V{P)-{vi,Vj„Vn-t+i}\+ {\V{P^)\-2) (3.10) 

weDi (T)-{t;i ,Vn-t+l} 

= (77 — t-|-l) — 3-|- (771 — 2){h — 1) 

Since n — t = A and h = 2, ()3.10p leads to 772 < 77 i. By Lemma [TH Oik-reg{Tn,t) = ni. By 
Lemma t -|- 1 > 77i > f{n,t) = . Thus (hi) must hold. 

(iv) Suppose that t = n — 3. Then diam{Tn^t) = n — t = 3 and h = 1. Thus by (j3.10l) . 
772 < 77i and so by Lemma [3~il oik-reg{Pn,t) = ni. By Lemma [331 t -|- 1 > 771 > f{n,t). 
By (13. 3 j) with n — t = 3, we have f{n, t) = t + 1. This implies (iv). 
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The bounds in Theorem 13.51 are best possible in some sense, as can be seen in the 
following examples. 

Example 1: (1) Let P = vi - ■ ■ Vn-t+i be a path. For the lower bound, let U 2 , • • • , 
be vertices not in V{P) with 2 < t < Since n > 2t, there exists distinct ver¬ 
tices G y{P) - Obtain a Tn,t with V{Tn,t) = V{P) U 

{v'i,V 2 , ■ ■ ■ and E{Tn,t) = E{P) U {vi^Vj : I < j < t - 1}, (see Figure 1 (a)). Then 

in this we have ni = t -|- 1, n 2 = n — 2t, N 3 = t — 1. Thus any fe-regular independent 
set W must be a subset of Dj{G), for some j with 1 < j < 3. Since n > 3t -|- 1, we 
have n 2 > ni. As k > 2 , D 2 {G) is a maximum regular ^-independent set of and so 
ak-reg{Tn,t) = n - 2t if Tl > 3t + 1. 

For the upper bound, let L = Vqv[v 2 ■ ■ ■ denote a path. Obtain from P and 

T by identifying the vertex Vj € V{P) and Vq G V{L), where j = + 1, (see Figure 

1 (6)). In this case, we have rei = 3, n 2 = re — 4, = 1, and so when k >2 and re > 7, 

ak-reg{Pn t) = ^ which shows the upper bound is sharp. 


Vl V2 

• - 


fii 

♦-f ■■ 



f+1 


V[ 


^t-1 


(a) 


Ul V2 Vn-t+l 



Figure 1. (a) Tree with ak-reg{T) = re — 2t for /c > 2. (6) Tree with ak-regiP) = n — A 

for k >2. 


Example 2 : (2) For the lower bound, we let re = 3 t — 2 for some integer t > 4 . Then 
re — t-|-l = 2t — 1. Let P = viV 2 ■ ■ ■ V 2 t-i be a path, let v[,V 2 , - ■ ■ , be vertices not 
in V{P). Obtain a r„,t(l) with V{Tn,t{f)) = V{P)'J Wi,V 2 r ■ ■ and E(T„^t(l)) = 

E{P) U {vjj^iv'j : 1 < j < t — 2} U {v^_ 2 v[_i}, (see Figure 2 (a)). Then in this T„^t(l), 
we have rei = t = re 2 , = t — 2 . As k > 2 , each of Di(T„^t(l)) and D 2 (Tn,t(l)) is a 
maximum /c-regular independent set, and so afc-reg(^n,t(l)) = t = 

For the upper bound, let re = 12 and t = A, and let Tn,t{‘2) be the tree depicted in Figure 
2(b). Then we have rei = 3, re 2 = 8, = 1. It is routine to see that ak-reg{Pn,t{‘2:)) = 

re — /(re, t) — 1 = 8 for A; > 2. Let re = 11 and t = A, and let Tn^t{3) be the tree depicted in 
Figure 2(c). Then we have rei = 3, re 2 = 7, = 1 and ak-reg{Tn,t{3)) = n — f{n,t) — l = 7 

for k >2. Let re = 9 and t = 4, and let T„^t(4) be the tree depicted in Figure 2(d). Then 
we have rei = 5, re 2 = 1, A'^s = 3 and oik-reg{Tn,t{d)) = t -|- 1 = 5 for A: > 2. 
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Vl V2 V3 Vt-1 Vn-t+1 Vi V2 Vg 



Vi V2 Vs Vl V2 Vg 



Figure 2. (a) Tree with ak-reg{T) = for k >2. 

(b) Tree with ak-reg{T) = n — f{n,t) — 1 = 8 for A: > 2. 

(c) Tree with ak-reg{T) = n — f{n, t) — 1 = 7 for /c > 2. 

(d) Tree with ak-reg{T) = t + 1 = 5 for A > 2. 


Example 3: (3) For the lower bound, let n = 10 and t = 6, ande let be the tre 

depicted in Figure 3(a). Then we have ni = 5, n 2 = 4, N3 = 1, and OLk-reg{Tn,t{^)) = 
1"^^] = 5 for A: > 2. For the upper bound, let n = 10 and t = 6, and let be the 

tree depicted in Figure 3(b). Then we have ni = 7, n 2 = 2, A^3 = 1 and ak-reg{Tn,t{Q)) = 
t + 1 = 7 for A > 2. 




(a) {b) 

Figure 3.(a) Tree with ak-reg{T) = = 5 for A > 2. 

(6) Tree with ak-reg{T) = t + 1 = 7 for A > 2. 


4 Results for line graphs 

In this section, we investigate the bounds for the regular A-independence number of 
line graphs of graphs in certain families, including trees, maximal outerplanar graphs 
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and triangulations. Throughout this section, G denotes a graph with m = \E{G)\, and 
dehne 6' = 5{L{G)) and A' = A(L(G)). For each integer i with S' < i < A', define 
Fj = L{G)[Di{L{G))]. Recall that the repetition number of a graph G, defined in ()1.2p . is 
the maximum \Di{G)\ over all possible values of i. 

Lemma 4.1 (Caro and Wes [8]J Let G be a graph with m edges. Then 

rep{L{G)) > . 

Theorem 4.2 Let G be a graph with m edges. Then 

Proof. Since akj{L{G)) > holds for every j, we have 

ak-reg{L{G)) = max {ak,j{L{G)), S' < j < A'} > max | ■ S' < j < A'j . (4.11) 

Since Xk{L{G)) > Xk{L{Gj)) holds for every j, it follows that 

max I > max | ; |t^(r .)| = rep{L{G))S' <j< A'\4.12) 

^ rep{L{G)) 

- Xk{L{G))' 

1 1 

By Lemma HTl we have rep{L{G)) > |m3, and so ak-reg{L{G)) > ■ 

I 

Lemma 4.3 (Caro and Wes [8]J Let G he a graph with average degree d, minimum degree 
S, and m edges. If d > S > 1, then 

rep{L{G)) > a^pm — 1, 

where a = , ^ with c = 2d — 2S + 1. 

cd{cd—S) 

Theorem 4.4 Let G he a graph with average degree d, minimum degree S, and m edges. 
If d> S >1, then 

„ t T f r^w \ O'prn 1 

X*(i(G))' 

where a = , ^ with c = 2d — 2S + 1. 

yj cd{cd—6) 
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Proof. 


Since for every j, we have AL(G)) > , it follows that (14.lip must hold. 

Hence, since for every j, we have XkiL{G)) > Xki^j), (|4.12l) also holds. By Lemma 031 
rep{L{G)) > ay/m — 1, where a = , / , = with c = 2d — 25 + 1. It follows that 

OCk-reg{L{G)) > ' 


yj cd(cd—S) 


Lemma 4.5 (Caro and Wes [8]j For a tree or maximal planar graph with m edges, the 
repetition number of the line graph is at least or y/j^, respectively. 


Corollary 4.6 (1) If G is a tree, then 

(^k—regi.^{G)) P 


m 


X^Xk{L{G)y 
(2) If G is a maximal planar graph with m edges, then 


m 


y/TMxkiLiG))' 


Proof. Let n = |IL(G)|. If G is a tree, then 5 = 1, d = 2— and c = 3— -, It follows from 
Theorem 03] that ak-reg{L{G)) > ■ If G is a maximal planar graph, then h = 3, 

d = 6— and c = 7— It follows from Theorem 03] that ak-reg{L{G)) > - 


k{L{G))- 


Lemma 4.7 (Caro and ITes [8]J Let G be a graph with m edges. If G is a tree with a 
perfect matching, a maximal outerplanar graph, or a triangulation with a 2-factor, then 
rep{L{G)) is at least or respectively. The lower bound improves to ^ JE 

triangulations having a 2-factor and minimum degree 4 or 5, respectively. 

Theorem 4.8 (1) If G is a tree with a perfect matching, then 

m 

(2) If G is a maximal outerplanar graph with a 2-factor, then 

(3) If G is a triangulation graph with a 2-faetor, then 

m 

au-reg{L{G)) > 
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(4) Moreover, if G is a triangulation graph with a 2-factor and minimum degree 4 , 
then 

TTi 

au-reg{L{G)) > 

(5) Moreover, if G is a triangulation graph with a 2-factor and minimum degree 5 , 
then 


Proof. 

Since for every j, we have akj{L{G)) > it follows that (14.1111 must hold. Hence, 

since for every j, we have Xk{L{G)) > Xki^j)^ (14.121) also holds. By Lemma I4T71 

if G is a tree with a perfect matching 
if G is a maximal outerplanar graph 
if G is a triangulation with a 2-factor 
if G is a triangulation with a 2-factor with 5(G) > 4 
if G is a triangulation with a 2-factor with 5(G) > 5 

Thus the conclusions of the theorem follows from (j4.11l) and (I4.12p . 


rep{L{G)) > < 


(iXk(L{G)) 
m 

liXk{L{G)) 
m 

33xk(L(G)) 
m 

27xk(L(G)) 
m 

15xk(L(G)) 


Lemma 4.9 (Caro and Wes [8]J Let G be a triangulation with m edges. IfG has minimum 
degree at least 4, then rep{L{G)) > 68 ^^^(g)) ■ VG has minimum degree at least 5, then 
rep{L{G)) > 

Theorem 4.10 (1) IfG is a triangulation graph with m edges and minimum degree at 
least 4, then 

TTi 

(2) If G is a triangulation graph with m edges and minimum degree at least 5, then 

TTi 

at-r.,{L{G)) > 


Proof. 

The proof of this theorem is similar to that of Theorem 14.81 using Lemma 14.91 instead 
of Lemma 14.71 Therefore, it is omitted. 
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5 Graphs with given regular /^-independence number 


The following proposition follows immediately from definition. 

Proposition 5.1 Let G be a simple graph of order n. Then 

1 ^ Otk—regiG^ ^ Tl. 

In the rest of this section, we will present characterizations for graphs reaching either 
bounds in Proposition 15.11 

Lemma 5.2 Let G be a simple graph with n > 2 vertices. Then there exist at least two 
vertices with the same degree in G. 

Proof. This follows from the observation that either G has an isolated vertex, and so for 
any v G V{G), 0 < dciv) < n — 2; or G has no isolated vertices, and so for any v G V{G), 
1 < dciv) < n — 1. I 


Theorem 5.3 Let G be a simple graph. Then ak-reg{G) = ^ if and only if k = 0 and 
any subset of vertices with same degree in G induces a clique of G. 

Proof. Suppose ak-reg{G) = 1. Clearly, k = 0 and ao-reg{G) = 1. Then ao-reg{G) = 
0 (reg{G) = 1. By Lemma [5.21 there exist at least two vertices with same degree in G. 
By the definition of the regular independence number, there exists an edge between any 
two vertices with same degree in G. Hence, any subset of vertices with same degree in G 
induces a clique in G, as desired. 

Conversely, suppose that k = 0 and any subset of vertices with same degree in G 
induces a clique of G. Note that any two vertices with same degree in G are adjacent. By 
the definition of the regular independence number, we have UregiG) = 1 and ao-reg(G') = 
0 /-reg{fG). So, CtQ— re(;(C) — 1. I 

Theorem 5.4 Let h be a nonnegative integer. Then ak-reg{G) = n if and only if G is a 
h-regular graph with n vertices and k > h. 

Proof. Suppose ak-reg{G) = n. By the definition of the regular /c-independence number, 
we have that all vertices in G have same degree in G. Hence, the graph G is a /i-regular 
graph with n vertices and k > h. 

Conversely, if G is a h-regular graph with n vertices and k > h, then all vertices form 
a regular h-independent set. By the definition of the regular h-independence number, we 
have ak-reg{G) = n for A: > h. I 
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6 Nordhaus-Gaddum-type results 


In this section, we investigate the Nordhaus-Gaddum-type problem on the regular 
/c-independence number of graphs and obtain the sharp bounds for both ak-reg{G) + 
ak-regiG), and ak-reg{G).ak-reg{G), over the class G{n) and characterize the extremal 
graphs. 

Theorem 6.1 For any G G Q{n), G denotes the complement of G. Then 

(1) 3 ^ 0!k—reg{G') 0!k—reg{G') ^ 2??., 

( 2 ) 2 < ak-reg{G) ■ ak-reg{G) < . 

Proof. (1) By Proposition 15.11 ak-reg{G) > 1 and ak-reg(G) > 1, and so ak-reg{G) + 
ak-reg{G) > 2. However, By Proposition 15.11 ak-reg{G) + ak-reg{G) = 2 if and only if 
Ok-regiG) = 1 and ak-regiG) = 1. Thus if ak-regiG) = 1 = Uk-regiG), then by Theorem 
[01 for any i, either Di{G) = 0 or G[Di(G)] is a clique. By the same reason, either 
Dn-i-i{G) = 0 or G[Dn-i-i{G)] is a clique. Since GUG = Kn, it is impossible that both 
G[Di{G)] and G)[Dn-i-i{G)] are cliques. This contradiction shows that we must have 
ak-regiG) + Ok-regiG) > 3. By Proposition 15.11 ak-regiG) < n and ak-regiG) < n, and 
so ak-regiG) ak-regiG) ^ 2/?.. 

(2) By Proposition 15.11 ak-regiG) > 1 and ak-regiG) > 1, and so ak-regiG) ■ 
ak-regiG) > 1- By Proposition [5Tl ak-regiG) ■ ak-regiG) = 1 if and only if Uk-regiG) = 
1 = ak-regiG), and so we obtain a contradiction as above. Therefore, ak-regiG) ■ 
ak-regiG) > 2. From Proposition 15.11 ak-regiG) < n and ak-regiG) < n, and so 
^k—regiG) ' ak-regiG) ^ n . 


Before we study the graphs reaching the bounds in Theorem l6.ll we make the following 
observations. 

Observation 6.2 Let n > 2 be an integer, and G G Gin). Then the following are equiv¬ 
alent. 

(i) Otk—regiG) p ak-regiG) — 3. 

(ii) ^k—regiG) ' ak-regiG) 2. 

(Hi) {ak-regiG), ak-regiG)) 

In fact, by Proposition 15.11 each of (i) and (ii) of Observation 16.21 is equivalent to (hi). 

Observation 6.3 Let n > 2 be an integer, and G G Gin). Then the following are equiv¬ 
alent. 

(i) Otk—regiG) “1“ ak-regiG) — 2n. 
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(a) Qk—regiG') • Oik—reg{G') — Tl . 

(Hi) Otj^—fegiG') — n — Otk—regi^G). 

Proposition 6.4 Let n>2 be an integer, and let G G G{n). Then 

^k—regiG') ~\~ (y,]^—regiG') 3 OT (y.]^—^^g{G') • (y.]^_^^g{G^ 2 (6.13) 

if and only if G satisfies the following conditions. 

(1) k = 0; 

(2) for any integer i > 0, \Di{G)\ < 2 and \Di{G)\ < 2. 

(3) Either every G\Di{G)] is connected for any i such that Di{G) / 0, or every G\Dj{G)] 
is connected for any j such that Dj{G) / 0. 

Proof. If (|6.13l) holds, then by Observation 16.21 and by symmetry, we assume that 
ak-reg{G) = 1 and a^-regiG) = 2. By Theorem 15.31 we have A: = 0 (and so (1) holds), 
and for each i with \Di{G)\ > 2, G[Di{G)] mnst be a clique. If \Di{G)\ > 3, then Di{G) 
is a regular independent set in G, contrary to the fact that ak-reg{G) = 2. This implies 
that 

\Di{G)\ < 2, for every i. (6.14) 

If for some j, \Dj{G)\ > 3, then as Dn-j-i{G) = Dj{G), we have \Dn-j-i{G)\ > 3, 
contrary to ()6.14l) . Hence \Dj{G)\ < 2 for every j, and so (2) holds. 

To justify (3), we observe that if for some i / j, both G[Di{G)] and G[Dj{G)] are 
disconnected, then by (2), G[Di{G)] is independent in G and G[Dj{G)] is independent in 
G. It follows that ak-reg{G) + ak-reg{G) > |Ilj(G)| + \Dj{G)\ >2 + 2 = 4, contrary to 
(I6.13p . Thns (3) mnst hold. 

Conversely, snppose G satisfies Proposition 16.41 (1), (2) and (3). Then by n > 2 and 
by (2), every regular 0-independent set in G and in G is of size at most 2. By (3), 
{ak-reg{G), ak-reg{G)} = {1,2}, and so by Observation 16.21 (I6.13P must hold. I 

Remark 1: In fact, graphs satisfying the conditions in Proposition 16.41 indeed exist. Let 
H be a graph obtained from a triangle and an edge by identifying a vertex of this triangle 
and an endpoint of this edge. Clearly, \V{H)\ = 4. Let G be a union of H and an 
isolated vertex. Then, 114(G) | = 5. It is routine to check that graphs G and G satisfy 
^k—reg{.G^ + C^k—regi.G'} 3 and Qif^—y.^g(^G^ * CXf^—^regi.G^ 2 for k 0. 

Proposition 6.5 Let n > 2 and h > 0 be integers, and let G G Q{n). The following are 
equivalent. 

(i) (^k—reg{G^ + Ofc_j.gg(G) 2n. 

(ii) Qifc—reg(G) • CXf^—regi^G') — 71 . 

(Hi) G is an h-regular graph with n vertices and k > max{h,n — I — h}. 
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Proof. By Observation 16.31 it suffices to show that (i) and (iii) are equivalent. 

Assume that (i) holds. By Observation 16.31 ak-reg{G) = re, and so V{G) is a regular 
/c-independent set. Hence by Theorem 15.41 G must be h-regular graph and k > h. By 
Observation 16.31 ak-reg{G) = re, and so the same argument shows that G is re — 1 — h- 
regular and k > n — 1 — h, and so (iii) must hold. 

Assume that (iii) holds. Then G is an h-regular graph of order re, and G is (re — 1 — h)- 
regular. Since k > max{/i, re — 1 — /i}, V{G) is a regular /c-independent set in both G and 
G, and so by Theorem 15.41 ak-reg{G) = re = ak-reg{G) = re. Thus (i) follows. I 
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